It is well known that in an exact covering system in Z, the biggest modulus must be repeated. Very recently, S. Kim proved an analogous result for certain quadratic fields. In this paper, we prove that S. Kim's result holds for any algebraic number field.
Introduction
For an integer a ∈ Z and a positive integer n ∈ Z, n > 1, let a mod n denote the set of integers {a + kn | k ∈ Z}. A finite collection of congruence classes {a i mod n i } k i=1 is called a covering system in Z if each integer belongs to at least one congruence class. This concept was first introduced by Erdös [3] in 1950, who constructed an infinite arithmetic sequence of odd integers not representable as 2 n +p (p a prime) using a covering system. If moreover, each integer belongs to exact one congruence class, we say it is an exact covering system. Given a number field K, denoting the ring of algebraic integers of K by O K . For α ∈ O K and a nonzero ideal I of O K , I = O K , let α mod I denote the set of algebraic integers α + I. A set of congruences {α i mod I i } k i=1 is called a covering system in K if each element in O K belongs to at least one congruence class. Of course we call it an exact covering system if each element in O K belongs to exact one congruence class.
Let {a i mod n i } k i=1 be an exact covering system in Z. We always assume 2 ≤ n 1 ≤ n 2 ≤ · · · ≤ n k . In 1971, M. Newman [5] proved that n k−p(n k )+1 = · · · = n k , where for an integer n, p(n) = min{p | p|n, p prime}.
In [1] , M. A. Berger, A. Felzenbaum and A. S. Fraenkel called a modulus n i division maximal if for 1 ≤ j ≤ k, n i |n j implies n i = n j , then each division maximal n i must be repeated at least p(n i ) times. In [2] , the same authors gave improved result that each modulus n i must be repeated at least
times, where for an integer n,
This result is better as for a division maximal n i , n j = n i implies gcd(n i , n j ) is a proper divisor of n i , so G(n i /gcd(n i , n j )) ≥ p(n i ).
For exact covering systems in number field K, very recently, in [4] , S. Kim proved that any modulus of the largest norm must be repeated when K is a certain quadratic field with additional conditions on the modulus ideals I i . We are going to prove the analogous results in [1] and [2] for exact covering systems in any number field K.
This paper is organized as follows. In Section 2, we introduce some notations about covering systems in number fields and S. Kim's result [4] . In Section 3, we'll introduce some definitions in [1] , and then prove the analogous result of [1] for any number field. We'll prove the analogous result of [2] for any number field in Section 4. Both results greatly generalize the result of S. Kim in [4] .
Notations and known results
We always use the following notations and decompositions. Let K be a number field, O K its ring of integers and {α i mod
where p j are prime O K -ideals and r j > 0. Each I i has decomposition
with 0 ≤ r i,j ≤ r j . For each p j , assume its norm N (p j ) = n j . Here we define the norm N (I) of a nonzero ideal I of O K as the cardinality of the finite ring O K /I. Now we introduce Kim's results in [4] . The first two are about imaginary quadratic fields. 
is an exact covering system of O K , then the moduli can not be distinct.
Kim also get a result about real quadratic fields. 
, where all the moduli are principal, then any modulus of the largest norm must be repeated.
Exact covering systems in number fields
In this section, we will prove the following result.
be an exact covering of O K for any number field K, and if I i is division maximal (see the following Definition 3), then I i must repeat at least min{n j | p j |I i } times.
To prove the Theorem 1, we first introduce the important concept of parallelotope from [1] .
, define the lattice parallelotope or simply parallelotope
where
Definition 1. Given a parallelotope P = P (n; b), let I ⊆ {1, 2, . . . , n}, an I-cell or simply cell K of P is a set of the form
is an arbitrary point in P . The set I is called the index of K, and denoted by I = I(K).
Definition 2.
A partition τ of a parallelotope P into cells is called a cell partition of P . A cell K ∈ τ is said to be subset minimal if
We also need the following lemma in [1] . Lemma 1. Let τ be a cell partition of P (n; b) into at least two cells and let E ∈ τ be subset minimal. Put b = min{b i | i / ∈ I(E)}, then τ contains at least b I(E)-cells.
Now we consider exact covering systems in number fields. The main ideal is giving a map from an exact covering system to a cell partition of certain parallelotope. In Berger et al.'s article, they used the fact that Z/nZ is cyclic and defined an addition operation on the corresponding parallelotope, but for an ideal I, O K /I is not always cyclic. Fortunately, we can use Chinese Remainder Theorem to get what we need.
Let B j = {β j,1 , . . . , β j,n j } be a complete representatives of O K mod p j . We can define a bijective map f j by
Find some t j ∈ p j \p 2 j , then for any r ∈ Z, r > 0,
Of course f r j is also a bijective map. Now we can define a map f for each α mod I to a point in P (n; b), here n = l j=1 r j and b = (n 1 , . . . , n 1
Lemma 2. The map f : O K /I −→ P (n; b) is bijective. Taking α i mod I i as a union of some α mod I, then f (α i mod I i ) is a cell of P (n; b) and division maximal ideals correspond to subset minimal cells. Moreover if {α i mod
is an exact covering of O K , then {f (α i mod I i ) | i = 1, 2, . . . , k} is a cell partition of P (n; b).
Proof. By Chinese Remainder Theorem, each α mod I one-to-one corresponds to, for 1 ≤ j ≤ l,
so f is bijective. We now prove f (α i mod I i ) is a cell of P (n; b) and the last claim is its trivial consequence. Without loss of generality, we prove it for the case i = 1. According to the definition of B r 1 ,
is a complete representatives of p
is a cell of P (n; b). According to the above discussion, for
As
Now we can prove the analogous result. It is described in the Theorem 1.
Proof of Theorem 1. Since {1, 2, . . . , n}\I(f (α i mod
Then we complete the proof.
Remark.
From the Theorem 1, as each ideal I i with maximal norm is division maximal, so it must repeat at least min{n j | p j |I i } times. Our result includes Kim's [4] .
Improvements of the above result
In this section, we'll prove an improvement of the above result.
is an exact covering system of O K with not all the ideals the same, then each I i must repeat at least min{G(
times, where for an ideal I, G(I) = max{N (p r ) | p r |I, p prime ideal, r ≥ 0}.
It is easy to see this bound is better than the above. For an ideal I i , if I i is not division maximal, then there exists I j = I i such that
We need a new map to prove this result. Let B j , f j , B r j just as the last section, now we define a mapf r 
j maps an element of B r j to an integer and the coefficient of t k j corresponds to the coefficient of n r−1−k j . Obviouslyf r j is bijective. Now we can define a mapf for each α mod I to a point in
againf is bijective. It maps each α i mod I i to a special subset of P (l; d). Taking α 1 mod I 1 for example, just as the above section,
Then we havef (α 1 mod
according to the definition off
where c j is some nonnegative integer with n r j −r 1,j j |c j . Now we begin to prove the above theorem. We first prove the special case that there exists some I i such that I j |I i for all j. Without loss of generality, we may assume I 1 is such an ideal, i.e. r 1,j = r j , for each 1 ≤ j ≤ l.
be a covering system with the above property, and not all the ideals the same, then I 1 must repeat at least
Proof. {f (α i mod I i )|1 ≤ i ≤ l} is a partition of P (l; d), here d is defined as above. f (α 1 mod I 1 ) is a single point, and eachf (α i mod I i ) is a special subset. Just as the proof in [2] , we know that there are at least min{G(I 1 /I j ) | I j = I 1 } single points, so I 1 must repeat the same times.
be an exact covering system in K, we are going to get an exact covering with the above property from it. As B j is a complete representatives of O K mod p j , we let the representative of 0 mod p j be just 0, i.e. 0 ∈ B j for all 1 ≤ j ≤ l. Assume S is a complete representatives of O K mod I. If I ′ is any ideal with I ′ |I, and I ′ has the following decomposition
We define a subset S I ′ of S,
S I ′ includes these elements of S which mod p r j j with the last r j − s j coefficients 0. It is easy to see that S I ′ is a complete representatives of O K mod I ′ .
So we always have α ′ ≡ α mod p r i,j j for all 1 ≤ j ≤ l, then α ′ ≡ α mod I i , and we complete the proof.
be an exact covering system in K, I j a division maximal ideal and define S I j as above. Set J = {i | (α i mod I i ) ∩ S I j = ∅}. Then
is an exact covering system in K.
Proof. As {α
is an exact covering system in K, we have
Since S I j is a complete representatives of O K mod I j and each (I i + I j )|I j , so {α i mod (I i + I j ) | i ∈ J} is a covering system in K. If x ∈ α i mod (I i + I j ), then x = α i + β + γ with β ∈ I i , γ ∈ I j . From the above lemma, we have α i + β = α ′ + δ with α ′ ∈ (α i mod I i ) ∩ S I j , δ ∈ I j . So we may assume x = β + γ, β ∈ (α i mod I i ) ∩ S I j , γ ∈ I j If moreover, x ∈ α i ′ mod (I i ′ + I j ), then
then β ≡ β ′ mod I j , but each element of S I j is in different class modI j , so β = β ′ . Then β ∈ α i mod I i and also β ∈ α i ′ mod I i ′ , as {α i mod I i } k i=1 is an exact covering system in K, so i = i ′ . Therefore, {α i mod (I i + I j ) | i ∈ J} is an exact covering system in K.
Proof of Theorem 2.
Now we prove Theorem 2. Let {α i mod I i } k i=1 be an exact covering system. Then for a division maximal ideal I j , {α i mod (I i + I j ) | i ∈ J} is an exact covering with each ideal is a divisor of I j . By Lemma 3, I j must repeat at least min{G( I j I i + I j ) | I i + I j = I j , i ∈ J} times. As I i + I j = I j is just I i = I j , so min{G( I j I i + I j ) | I i + I j = I j , i ∈ J} = min{G( I j I i + I j ) | I i = I j , i ∈ J} ≥ min{G( I j I i + I j ) | I i = I j } then we complete the proof.
